Abstract: It is difficult to establish a constitutive model of damage for rock materials due to the complex meso-mechanism of the rock deterioration process. In this paper, by analysis of the damage mechanism, the reason for the existence of a rock damage threshold is explained and we conclude that damaged rock elements of micro scale can still bear stress. The correlation between damaged and undamaged elements is examined in relation to stress distribution. Rocks under different initial conditions can be defined as undamaged materials with different properties, to avoid the issue of the solution of the undamaged condition and to simplify the damage model. On the basis of the Mohr-Coulomb criterion and theories of continuum damage and statistical mechanics, a constitutive model of rock materials affected by the load-bearing capacity of damaged elements under triaxial compression is established. Compared with previous experimental data and theoretical results, we show that this model can reflect the stress-strain relationship of the whole process of rock failure. In particular, the description of the strain softening stage after peak strength is proved to be more reasonable. Programming of the constitutive model applied to stability analysis of the Qingdao subway station is achieved by secondary development of FLAC
Introduction
Rock material is one of the most common natural materials in civil engineering. The physical and mechanical properties of rock have attracted much attention in engineering research (Andrä et al., 2013; Shan and Di, 2013) . The key issues for rock mechanics research include the initiation and propagation of microdefects affected by the environment and external loading, the dynamics of damage and the evolution process of damaged materials, and the stress-strain constitutive relationship (Molladavoodi and Mortazavi, 2011; Mortazavi and Molladavoodi, 2012; Chandler, 2013; Levasseur et al., 2013) .
The key challenges in rock damage research lie in the constitutive theory and evolution equations of damaged rock. Three approaches have commonly been used in mechanical damage research: phenomenological theory, meso-damage constitutive theory, and constitutive theory that considers the nonlocal effects based on statistics. The phenomenological model focuses on the macro-behavior of a rock mass, while the meso-damage constitutive model is readily applied to describe the physical and mechanical features of the damage process (Kaiser and Morgenstern, 1981; Yu and Feng, 1997; Ladani and Dasgupta, 2009; Chen, 2014) . The macro results and mesoscopic mechanisms of different materials and damage processes are so complicated that it is difficult to describe fully the mechanics of the affected mechanisms based on the mechanic model. However, in terms of statistical and stochastic damage theory, much has been achieved with the knowledge of the process and rules for damage evolution (Yu and Feng, 1997) .
Statistical damage theory, first proposed by Krajcinovic and Silva (1982) , shows that the internal defects of rock materials are distributed randomly. Some researchers (Lee and Simunovic, 2001; Cao et al., 2007; Rinaldi and Lai, 2007; Jiang et al., 2010; Deng and Gu, 2011; Zhang et al., 2013) who further developed the above theory, assumed the randomness of the strength of rock elements as different function distributions, such as the Weibull and Gaussian distributions. Based on the spatially mobilized plane, Drucker-Prager, Mohr-Coulomb, and Hoek-Brown criteria, they made use of the strain equivalence hypothesis put forward by Lemaitre (1984) to deduce the constitutive equation for the process of dynamic rock damage. However, the strain equivalence hypothesis based on the traditional view, which considers that micro scale damaged elements cannot bear stress, does not comply with reality. Therefore, it is difficult to use the constitutive equation based on that hypothesis to reflect the strain-softening behaviors after material yielding. To overcome the defects of traditional damage theories (Lemaitre, 1984; Li et al., 2012; Fu et al., 2013; Xu et al., 2013) , the correction coefficient of residual strength was introduced by some researchers Shi et al., 2011; Wang et al., 2013) to modify the constitutive relation of rock materials and to establish a statistical constitutive model of damage which can reflect the influence of specific confining pressure. Taking the effect of residual strength into consideration, the model is relatively reasonable but fails to analyze the ability of damaged elements to bear stress.
Thus, the constitutive model of rock materials established on the basis of statistical damage theory still needs to be improved. In this paper, we discuss the stress distribution relationship between damaged and undamaged elements from the perspective of the rock damage mechanism. Based on the continuum of damage and statistical theories, a constitutive model of rock materials affected by the load-bearing capacity of damaged elements and under triaxial compression is deduced. Compared with previous experimental data and theoretical results, the constitutive model is proved to be reasonable and has been applied in engineering practice.
Rock damage mechanism
Regarding the external environment, rock materials suffer from the repeated action of loadingunloading, which inevitably leads to initial micro imperfections. To investigate the damage and deterioration mechanism of rock under the effect of initial defects, it is assumed that there is a certain initial defect element (microcrack). A model of a rock specimen with an initial defect element can be established (Fig. 1) . Undamaged elements in rock can be simulated by using isotropic homogeneous material.
The dimensions of the rock specimen model were 50 mm×100 mm×40 mm. The Mohr-Coulomb constitutive model was adopted, with a total of 266 350 units and 279 262 nodes. The model simulated the initial defect element as a penny-shaped A load from different directions was applied to the model of rock specimen to simulate triaxial compression. The state of stress distribution around the microcrack was obtained (Fig. 2) . The model shows that the stress state around the microcrack tip is very complex and there is obvious stress concentration. With increasing deformation and stress, rock elements near the microcrack are in the most disadvantaged stress state. Crack propagation or degradation of material properties necessarily starts from the area near the damaged elements. Eventually, all rock elements are converted into damage elements, and the specimen is completely destroyed. Fig. 3 shows the complete stress-strain curve of strongly weathered granite under uniaxial compression. The curve is divided into five stages and shows the deformation characteristics and damage mechanism of each stage from a microscopic viewpoint. The OA segment is defined as the fracture compaction stage, where the initial damaged elements become gradually enclosed, leading to the compaction of the rock. The AB segment is known as the linear elasticity stage, where the stress concentration area occurs near the microcracks. The specimen is still in the initial damaged condition since the stress value is lower than the strength of the rock elements. The BC segment is the stable expansion stage, where the specimen begins to deteriorate since the stress near the microcracks exceeds the strength of the rock elements. But the number of damaged elements is small and the yielding is inconspicuous. The CD segment represents an unstable expansion stage, where the rock turns into a yielding state with the number of damaged elements increasing and the speed of specimen deterioration accelerating. The DE segment covers the break stage, where the rock elements are severely damaged, causing the development and connection of microcracks and micro holes. Finally, the specimen is totally destroyed. The point E is defined as the residual strength of the materials.
The above analysis shows that deformation submitting to linear elasticity explains the effect of the threshold in the damage process of rock materials (Cao et al., 2007; 2008) . The stress near the damaged elements does not match the strength of the microelements when the stress and strain are at a lower level. Furthermore, in view of the deformation 
Establishment of a rock damage model

Damage variable
Symbolizing the state variable of the extent of rock failure, a damage variable can be defined by statistical theory as follows (Wang et al., 2007; Cao et al., 2008) :
where N f is the number of damaged elements in a damaged state, and N is the total number of damaged and undamaged elements. From the perspective of the acting surface of force, Eq. (1) could be converted into:
where A f is the action area of the damaged elements in a damaged state, and A is the total action area of damaged and undamaged elements.
Damage model
To simplify the calculation, traditional theories (Lemaitre, 1984; Li et al., 2012; Fu et al., 2013; Xu et al., 2013) assume that micro-scale damaged elements in materials cannot bear stress once they are formed. However, the bearing capacity of damaged elements cannot be ignored because macroscopical deformation has a close relationship with mesodamage, and studies of statistical constitutive damage models must focus on the mesoscopic level.
The damage to the rock elements can be defined as the result of reduced stiffness caused by the change in the physical properties of undamaged elements. The stress of damaged and undamaged elements under external load distributes according to the value of stiffness, and η is defined as the correction coefficient of damage.
Assume that the total stress of rock materials is σ, the stress borne by undamaged parts is σ w , and the stress borne by damaged parts is σ f . Based on the rock damage mechanism, a damage model of rock materials in various states can be established.
(1) Undamaged condition:
(2) Initial damage condition:
where σ w0 is the effective stress of the initial damage condition. Divide Eq. (4) by A on its left and right sides:
where D 0 is the initial damage variable of rock materials.
From the stress distribution relationship between damaged and undamaged elements, we conclude that:
Substituting Eq. (6) into Eq. (5) gives:
(3) Random damage condition: Similar to the initial damage condition, the formula can be simplified as
The stress-strain curve of the undamaged elements in the rock deformation process can be drawn according to the above damage model (Fig. 4) . The curve is similar to that of the model of Mazars and Cabot (1989) , but its intended meaning is quite different. In the curve, the OA segment represents the initial damage condition where the rock specimen is in the linear elastic deformation stage before the stress matches the element strength. The AB segment represents the random damage condition, where the stress of undamaged parts increases rapidly along with deterioration of material properties. The point C shows the complete damaged condition, where the total stress is borne entirely by the damaged elements.
Simplification of the damage model
Stress concentrated near initial defects is the main cause of deterioration in the rock material, while the initial damage variable is too small to be calculated. Assuming that the initial damage condition equals that of the undamaged condition for materials, namely, the initial damage variable of rock D 0 =0, then the solution of the initial damage variable can be avoided by taking rock of different initial conditions as materials of different properties. The above models can be simplified as
The damage variable undergoes fewer changes in the stable expansion stage of the rock, and the stress-strain curve still approximates a straight line. The physical and mechanical properties before the state of rock yield change very little, so the material degradation is not obvious. Therefore, the yield point of the rock should be the starting point of damage evolution. That is, the damage variable before rock yield should permanently be zero.
Statistical constitutive model of damage
Establishment of damage evolution equation
A statistical damage evolution equation can be established using methods put forward by Cao et al. (2008) . Assuming that the strength of the rock elements F complies with the Weibull distribution, then the distribution of the density function can be expressed as
where m and F 0 are parameters related to mechanical properties of rock materials. Given the randomness of damage to rock elements, the evolution equation of damage variable D can be expressed as 0 0
The Mohr-Coulomb yield criterion can be taken as the strength criterion for rock materials:
where the subscript number i (i=1, 2, 3) refers to the direction of the axis, c f is the cohesion when rock is damaged, and φ f is the internal friction angle. Assuming that the starting point of damage evolution is the yield point of rock, set w w 1 w 3 w 1 w 3 y 0
where c y is the cohesion when the rock has yielded, and φ y is the internal friction angle. According to the generalized Hooke's law,
where E is the elasticity modulus, and  is the Poisson's ratio. Substituting Eq. (10) into Eq. (16), we can obtain Fig. 4 Stress-strain curve of undamaged elements in the process of rock deformation σ wc is the maximum effective stress of the initial damage condition; ε c is the corresponding strain under the maximum effective stress; ε u is the maximum strain of the rock deformation process
Effective stress, σ
Under triaxial compression, Eq. (17) can be simplified as
Substituting Eq. (18) into Eq. (10), we can obtain
Substituting Eq. (19) into Eq. (14), the value of the strength of the rock elements F can be defined as
Substituting Eq. (20) into Eq. (12) and taking the effect of the damage threshold into account, the statistical damage evolution model can be described as
Establishment of a constitutive model of damage
The constitutive equation of damage under triaxial compression can be obtained from Eq. (18):
Substituting Eq. (21) into Eq. (22), the statistical constitutive model of damage in the whole process of rock deformation can be described as (1
.
Determination of parameters
Based on the triaxial compression test curve, an approximate fitting correction coefficient of damage η can be obtained. The specific method is as follows.
When a rock specimen is completely damaged, then D=1, and from Eq. (22), we can obtain r r 2 3
where σ r is the residual strength, and ε r is the residual strain of the rock. Therefore, the correction coefficient of damage η can be expressed as follows:
The theory of extreme value can be adopted to determine the values of m and F 0 , which are parameters of the Weibull distribution, and then from Eq. (22), we can obtain
where σ p is the peak intensity of rock, and ε p is the corresponding strain under peak intensity. The stress-strain relationship of the deformation curve peak point can be concluded from Eq. (22):
where D p is the corresponding damage variable under the peak intensity. Combining Eqs. (26) and (27), m and F 0 can be expressed as
where p 2 3
Verification and analysis of the model
In this study, data processing was conducted based on the test data of Kawamoto et al. (1988) to determine the model parameters and make theoretical curves. The rationality of the constitutive model was verified by comparison with the theoretical curves of Cao et al. (2008) . As can be seen from the test data, the elasticity modulus of rock E=51.62 GPa, Poisson's ratio =0.25, internal friction angle in yield state φ y =40.24°, yield cohesion c y =24.80 MPa, internal friction angle in the damage state φ f =44.01°, and the damage cohesion c f =27.96 MPa. Fig. 5 shows a comparison of the present model under specific confining pressure with test curves from Kawamoto et al. (1988) and theoretical curves of Cao et al. (2008) . The theoretical curves in this paper and those of Cao et al. (2008) are both consistent with the test data, and they reflect the stressstrain relationship of rock under different confining pressures. Both kinds of constitutive models consider the influence of the damage threshold, and in both models the starting points of damage are chosen as the yield point. Therefore, their theoretical curves before the rock yields coincide completely, which reflects the linear elastic deformation characteristics before rock damage. After the stage of yielding, considering the fact that damaged elements can bear stress, our theoretical curves more truly reflect the strain softening properties of rocks compared with those of Cao et al. (2008) . Fig. 6 reflects the effect of different confining pressures on theoretical curves. As confining pressure increases, the damage starting point (yield point) moves backwards gradually. The rock strength increases significantly and the rock shows a tendency to develop from strain softening to hardened. Consequently, the constitutive model in this study can reasonably reflect the physical and mechanical properties of rock materials, since the results are in accordance with the actual conditions. Fig. 7 shows the test curves and theoretical curves where damage variable D changes with σ 1 under different confining pressures. Fig. 8 shows the test curves and theoretical curves where damage variable D changes with ε 1 under different confining pressures.
Verification of the constitutive model of damage
Analysis of the damage evolution model
When the stress and strain levels are low, the damage variable of rock is irregular, even negative, due to the effect of pore compaction and the damage threshold (Figs. 7a and 8a ). This does not agree with the actual situation. The damage variable should be a constant value on the condition that the rock elements are intact with low stress and strain values and material deformation matches the characteristics of linear elasticity. Fig. 7b and Fig. 8b express the theoretical trend of damage evolution where rock materials change with stress, strain, and confining pressure. In this study, the damage evolution model not only reflects the linear elastic deformation characteristic before rock yield, but also expresses the reasonable development rule where the damage variable changes with stress and strain after rock yield. Under the effect of the damage threshold, the damage variable is zero if stress and strain are relatively low, then it increases gradually with undermining of rock elements and yield development of the material.
Illustrative examples
The dynamic link library (DLL) compiled using C++ language was embedded into the finite difference software FLAC 3D for secondary development to realize programming of the constitutive model of damage. Taking the Jiangxi Road station of the Qingdao Metro, China as engineering background, a stability analysis of station excavation can be conducted by obtaining parameters of the physical and mechanical properties of the engineering rock mass from field investigation and laboratory tests. With the monitoring data from the construction process, the constitutive model can be evaluated by comparing the results of calculations in two cases, one which considers the damage effect and one which does not. 
Project profile
The Jiangxi Road station of the Qingdao Metro Line 3, a two-layer island platform station with a single arch, located at the junction of Nanjing Road and Jiangxi Road, was constructed by the doubleside-drift method. The overall length of the main station is 247.0 m. The excavation section of the station is 15.5 m high and about 21.5 m wide, with the overlying depth around 10.0 m.
The landform configuration of the station site is the piedmont slopes of erosion and accumulation, and the overlying stratum includes mainly quaternary and fully or strongly weathered granite, the strongly weathered granite being thicker. The station site has foundations with a soft upper layer and a rigid lower layer typical of the Qingdao area.
Calculation model
A key construction section of the project was taken to set up a numerical calculation model which could simulate excavation of the station (Fig. 9) . Considering the effect of excavation disturbance, the surrounding rock on both sides of the tunnel should be 2.5 times the width of the station, and the rock mass on the bottom should be 3 times the station height. Therefore, the size of the 3D model established eventually was 129 m×100 m×72 m, with a total of 456 480 units and 474 885 nodes. As for the boundary conditions of the model, the upper boundary was designed as a free surface. Horizontal and vertical constraints were considered all around and at the bottom, respectively.
The formation conditions can be simplified to five layers according to the report of geological exploration at the station site. From top to bottom, the five layers are miscellaneous fill, cohesive soil, strongly weathered granite, moderately weathered granite, and slightly weathered granite. The physical and mechanical parameters of each layer are shown in Table 1 .
An elastic-perfectly plastic constitutive model was adopted for the upper soil, while the MohrCoulomb model was adopted for the yield criterion. There were two situations in relation to the lower weathered granite strata: an elastic-perfectly plastic constitutive model was adopted without considering the damage effect of rock, otherwise the constitutive model of damage was adopted. Elastic constitutive models were employed for primary support and secondary linings.
Analysis of computing results
Distribution of the plastic zone
After completion of the calculation, the distribution of plastic zones of surrounding rock in two cases could be extracted (Fig. 10) . One case considered the damage effect and the other did not. After the excavation, the plastic zone area considering the damage effect was twice the size of that without considering the damage effect, which indicates that 
Settlement deformation
The settlement deformation of the subway tunnel is an important basis on which to judge the stability of the surrounding rock in the construction process. In combination with field monitoring data, a comparative analysis of the settlements at the crown and surface was conducted under two cases. One case considered the damage effect and the other did not (Fig. 11) .
Settlements of the crown and the surface by considering the damage effect of surrounding rock were larger than those without considering the damage effect. With the progress of construction, gaps between settlement curves became wider. The largest increases in settlement were 42.90% at the crown (Fig. 11a ) and 47.11% (Fig. 11b) at the surface.
In consideration of the rock damage effect, the constitutive model of damage can reflect the rock's mechanical deformation properties. Moreover, the calculated settlement deformation curves match the field monitoring data very well, which indicates that the constitutive model can reflect the deterioration effect of a soft rock mass at the site, and the computation results are reasonable and reliable.
Conclusions
Based on the Mohr-Coulomb criterion, this paper deduces a statistical constitutive model of rock damage by considering the load-bearing capacity of damaged elements. The established model has already been applied in engineering practice. The main results were as follows:
1. With regard to the shortcomings of traditional damage theory, reasons for the existence of a rock damage threshold were found as a result of further analysis of the rock damage mechanism. We conclude that damaged elements can still bear stress.
2. Damage can be defined as the result of lower stiffness due to a change in the physical properties of undamaged elements. A correction coefficient of damage is introduced to correct the stress borne by damaged elements. A damage model of rock under different conditions is established based on the stress distribution relationship between damaged and undamaged elements.
3. The stress concentration near initial defects is the main cause of rock deterioration, along with material damage. The initial damage variable is small and difficult to calculate. Rock of different initial conditions can be regarded as materials with different properties, and the initial damage variable can be assumed to be zero, then the problem of the solution of undamaged conditions can be avoided and the damage model can be simplified reasonably.
4. A statistical constitutive model of rock damage, whose reasonability has been discussed and analyzed, was established on the basis of a triaxial compression test and the use of theories of continuum damage and statistical mechanics. The model and test curves have high fitting precision, which can reflect the stress-strain relationship of the whole process of rock failure. In particular, the description of the rock strain softening stage is more reasonable.
5. Taking the Jiangxi Road station of the Qingdao Metro Line 3 as engineering background, a stability analysis of station excavation was conducted using the established constitutive model of damage. The computation results indicate that the model can reflect the deterioration effect of the soft rock mass at the site and that the results from the model coincide well with field monitoring deformation curves.
